Dimuonium (the bound system of two muons, µ + µ − -atom) has not been observed yet. In this paper we discuss the electromagnetic production of dimuonium at RHIC and LHC in relativistic heavy ion collisions. The production of parastates is analyzed in the equivalent photon approximation. For the treatment of orthostates, we develop a three photon formalism. We determine the production rates at RHIC and LHC with an accuracy of a few percent and discuss problems related to the observation of dimuonium. PACS numbers 25.75.Dw, 36.10.Dr 
I. INTRODUCTION
The study of exotic electromagnetic bound systems and their properties is of theoretical and experimental interest. The bound µ + µ − system (dimuonium, DM) has been subject to extensive theoretical investigations [1] [2] [3] [4] [5] . As demonstrated in [2] , the decay rate of the dimuonic system is sensitive to radiative corrections from the so far unexplored time-like region of QED.
Although dimuonium has not been observed yet, a lot of different pathways for its production have been considered. For example, the production of dimuonium in the decay of the η-meson (η → DM+γ) was investigated in Refs. [3, 6] , and in Ref. [4] the decay K 0 L → DM+γ was considered. It has to be mentioned that in decays it is possible to produce only the S = 1 orthostates of dimuonium. Other calculations were performed for the production of dimuonium in collisions of charged particles (see Refs. [5, 7] ) and in collisions of photons with nuclei [5] .
In this paper we investigate quite a different mechanism, which is based on the availability of relativistic heavy ions at high luminosities. Two new large hadron colliders, RHIC and LHC, are scheduled to be operative for the next decade. In Table I we list the decisive experimental parameters of the new colliders (see Refs. [8] [9] [10] ). We consider here the purely electromagnetic production channel
where the A i represent relativistic nuclei with nuclear charge numbers Z i , and DM stands both for the S = 0 parastates of dimuonium (paradimuonium, PM) and for the S = 1 orthostates (orthodimuonium, OM). Because the nuclei do not change during the production process, they emit the photons coherently. This means that the perturbation parameter associated with each photon exchange between the nuclei and and the produced system is not α ≈ 1/137, but rather Zα ∼ 0.6 (for Au and Pb). This leads to a very large flux of equivalent photons available for the production of exotic particles.
The C-even PM can be produced in collisions of an even number of virtual photons (two photon production mechanism, see the diagram of Fig. 1a . The C-odd orthostate (OM) can only be produced by an odd number of virtual photons, i.e. via bremsstrahlung production (one photon, Fig. 1b ) and three photon production (see Fig. 1c ). We consider here mainly the production of PM by two photons and the production of OM by three photons. Two photon and three photon fusion is the dominating process for the production of parastates and orthostates, respectively. The influence of multiphoton processes on the production rate is described by the effective perturbation parameter
where r 2 is the mean square radius of the charge distribution of the nucleus, and the mass of the dimuonic atom is m µµ ≈ 2 m µ = 211 MeV. Therefore, in all cases under consideration the multiphoton processes set limits on the accuracy on the level of 5 %.
For our purpose it is sufficient to treat the dimuonia as compound neutral particles. To a good approximation their production rate then is proportional to the square of the wave function at the origin. In non-relativistic approximation it is only the probability density of S states at the origin which does not vanish,
The production rate and the lifetime of the dimuonic atoms are both proportional to this value. The lifetimes of low lying states are of the order of τ ∼ 10 −12 s and are summarized in Table II . A brief discussion of the evaluation of the lifetime of parastates is given in Appendix A. Main decay channels are the annihilation processes
The rate of atomic transitions from excited S states to lower atomic states is of the same order of magnitude (α 5 m) as the annihilation decay rate. It results in additional final states via atomic decays of excited DM levels which cascade through S → P → S transitions. This leads to observable X-ray photons (at least two quanta) having "atomic" energy ∼ α 2 m µ (n ′−2 − n −2 )/4. Main properties of the various states can be found in Table II together with 2P paradimuonium which is produced in atomic transitions from 3S and 4S.
The detection of dimuonium would constitute a continuation of the recent investigations of exotic bound systems. Over the past years, experiments on antihydrogen [11, 12] , pionium [13] and the bound πµ system [14, 15] have been reported. This paper is organized as follows: first we investigate the production of paradimuonium in Sec. II. We then proceed to orthodimuonium, which is discussed in Sec. III. Finally we discuss the background in Sec. IV and summarize the results in Sec. V.
II. PARADIMUONIUM PRODUCTION
The production of an S = 0 parastate of dimuonium by a two photon process is represented by the diagram in Fig. 2 . The diagram is evaluated using the equivalent photon approximation in the approach originally presented in Ref. [16] . Two nuclei A 1 and A 2 with identical charge number Z and atomic mass number A colliding with each other emit dn i , (i = 1, 2) equivalent virtual photons within the energy ranges (ω i , ω i + dω i ) and with four-momenta denoted as q i . The virtualities of the photons are Q 2 i = −q 2 i . Upon fusion, these photons produce a PM-bound state with four-momentum p = q 1 + q 2 . Its mass squared
2 is approximately equal to 4 m 2 µ . The most important contribution to the production process stems from photons with very small virtualities Q 2 i ≪ m 2 µ . To a good approximation, the photons move in opposite directions, and we have W 2 ≈ 4 ω 1 ω 2 . In this very region the differential cross section dσ for the A 1 A 2 → A 1 A 2 + PM process is related to the cross section σ γγ for the process γγ → PM by the equation
The spectrum of equivalent photons is given by Eq. (D.4) in Ref. [16] , which upon omission of terms of order ω i /E ≪ 1 reads
In the calculations below we do not use the exact form factor of the nucleus F (Q 2 ) but a simple approximation. This approximation corresponds to an exponentially decreasing charge distribution of the nucleus, whose mean square radius is adjusted to fit the experimental value (see Ref. [17] , Eq. (B49)).
According to Eq. (2), for Pb and Au the parameter Λ ≈ 70 MeV, and for Ca Λ ≈ 118 MeV. The approximate form factor enables us to perform some calculations analytically which else could only be done numerically.
It is useful to note that the integral over Q 2 converges fast at
The decisive region of integration is given by the condition (6)). Therefore the main contribution to the cross section is given by virtual photons with energies
Because the two photon width of paradimuonium is small in comparison with its mass, we can use a δ-approximation for the cross section σ γγ (for further details see Eq. (3.24) in Ref. [16] and Eq. (89.4) in Ref. [18] ). For the 1 1 S 0 para ground state, this approximation has the form
After the transformation
we cast the cross section into the form
where ω 2 = m 2 µ /ω 1 . Using this formula, we derive the distribution of the produced PM atoms with respect to the energy ε and the transverse momentum p ⊥ via the relations
It is useful to note that the integral over Q 2 converges fast for
, we obtain the equivalent photon spectrum in dependence on the energy, dn i (ω).
The function
drops very quickly at large x in accordance with Eq. (8) (indeed, f (x) ≤ 1/(6 x 4 ) at x ≥ 1). Finally, we obtain
and
we have x min = m µ /E and x max = E/m µ . However, due to the fast decline of f (x) at x > 1 we can expand these limits up to x min = 0 and x max = ∞ in very good approximation.
Numerical evaluation of the integral in Eq. (15) yields the following result for the total production cross sections
0.15 for RHIC, Au mode , 1.35 for LHC, Pb mode , 0.0066 for LHC, Ca mode .
(16)
The production cross sections for excited nS states are derived from the above cross section, which is obtained for the 1S states, with the aid of Eq. (3),
The summation over n enhances the result of Eq. (16) by a factor of
The distribution in energy for the paradimuonium atoms is given by the integrand of Eq. (15), using the relation Eq. (11). It is shown in Fig. 3 . We checked that the results depend only weakly on the choice of the form factor. With the help of a numerical computer program [19] we took into account the Gaussian form factor exp(−Q 2 /Λ (6) is also negligible. The relative contribution of the omitted terms is of the order of
, and with L = ln 1
The effect of processes involving more than two photons is governed by the parameter ρ from Eq. (1) and we recall that their effect is on the level of roughly 5 %. It is instructive to consider additionally the leading logarithmic approximation (LLA) for the process. In the LLA, we approximate f (x) by 2 ln(1/x). The restriction Q
The above result is in good agreement with the old result of [20] (see also Eq. (2.4) in review [16] ). However, for the energies discussed in this paper the LLA does not provide sufficient precision. The ratio G LLA /G is 1.5 for Pb at LHC and 2 for Au at RHIC. Hence, the LLA gives only a crude estimate for the energies discussed.
III. ORTHODIMUONIUM PRODUCTION
Orthodimuonium can be produced by bremsstrahlung (the relevant diagram is depicted in Fig. 1b) and by three photon fusion (see Fig. 1c ). For production processes induced by relatively light particles (like e + e − or pp collisions) the three photon cross section σ 3γ corresponding to Fig. 1c is suppressed by a factor α 2 compared to the cross section for bremsstrahlung production, σ br . By contrast, for heavy ion collisions another parameter enters the calculation: the large nuclear mass M. Bremsstrahlung of heavy particles is suppressed by a factor 1/M 2 , so we obtain
whereas for three photon production there is no such suppression,
The ratio
1/150 for RHIC, Au mode , 1/190 for LHC, Pb mode , 1/7 for LHC, Ca mode is small. Moreover, a more accurate estimate for CaCa collisions at LHC decreases this ratio at least by a factor of three. Therefore, the 3 photon production dominates in relativistic heavy ion collisions. In Fig. 1c only one representative diagram for three photon fusion is depicted. For a complete analysis, we need to take into account two classes of diagrams, in which the single photon is emitted by either one of the nuclei (see Fig. 4a and Fig. 4b ). The corresponding cross section, which is proportional to the square of the amplitude for the particular processes, is given by
because the interference term dσ interf disappears after azimuthal averaging. Thus we may restrict ourselves to an analysis of the cross section for the process in Fig. 4a , denoted as dσ a . To a very good approximation, this cross section can be expressed by the number of equivalent photons dn 1 emitted from one of the nuclei, given by Eq. (12), and the cross section for the process γA → OM + A, denoted as σ γA ,
We thereby assume that the incident photon in the process γA → OM + A is a virtual photon in the framework of the equivalent photon approximation and thus exhibits a small virtuality
µ . Therefore, we neglect the virtuality of this incident photon in the cross section σ γA . The subprocess γA → OM + A is described by the set of diagrams of Fig. 5 . We calculate its cross section σ γA in the region of large energies and relatively small transverse momenta |p ⊥ | of the produced OM. We have the kinematical conditions (the subscript 'th' denotes the threshold value)
We note, that a loop integral has to be evaluated for this subprocess. Its contribution is rather different from what would be obtained within the standard equivalent photon distribution for the two remaining photons.
It is convenient to perform the calculations involved using the impact representation, which has been employed in QED and QCD for a number of processes with two photon or two gluon exchange (in the t-channel). More details on this approach are described in Refs. [21] [22] [23] [24] . In this representation the amplitude M γA which corresponds to the whole set of diagrams of Fig. 5 is written with an accuracy ∼ m 2 µ /s γ in the form of a two-dimensional integral over the transverse components of the momentum of the virtual photon,
The impact factors J γ and J A correspond to the upper and lower block of the diagrams in Fig. 5 . The diagrams in Fig. 5 are regarded as being cut by the photon lines of the lower block, dividing the process into two partial virtual processes, γ + γγ → OM (upper block) and A → γγ + A (lower block). The impact factor J γ then corresponds to the virtual transition γ + γγ → OM, and J A corresponds to the virtual transition in the lower block (A → γγ + A). The impact factor J A for a charged point-like particle was found in [21, 22] as
2 . In our case we should take into account the shape of the nucleus and modify this impact factor according to
The impact factor J γ for the virtual transition γ + γγ → OM is similar to the impact factor for the virtual transition γ + gg → Ψ which was introduced for the description of the hard diffractive process γq → Ψq [24] . Adjusting for the different couplings and masses, we immediately obtain
Here p 1⊥ = p 2⊥ = 1/2 p ⊥ , and e γ and e OM are the polarization vectors for the initial photon and the final state OM. ¿From Eq. (27) it follows that the helicity is conserved in the γ → OM transition. Therefore, the OM is transversely polarized and is produced in two polarization states only (not three states).
We finally obtain the cross section as
where Φ(p 2 ⊥ ) is determined by an integral related to the amplitude M γA given in Eq. (25) .
where r is a two-dimensional vector with no physical dimension, over which the integration has to be performed. n is a unit vector defined by
and τ is given by
After integrating over the azimuthal angle of OM, summing over the polarizations of the final state (OM spin states) and averaging over the polarizations of the initial state (photon polarizations), we obtain
where the dimensionless constant B follows from
2 dp
and Λ is the form factor scale defined in Eq. (7). The value of the constant B depends stronger on the shape of the form factor than the corresponding quantity for paradimuonium. We used a realistic form factor of the nuclear charge density ρ(r) for which we employed the model [25] 
The parameters are R = 1.18 A 1/3 fm , a = 0.53 fm .
N is the normalization factor chosen such that d 3 r ρ(r) = 1. The evaluation of the constant B is performed numerically on IBM RISC/6000 workstations. Because the form factor Eq. (32) is a function of k 2 R 2 with R ∝ Λ −1 , the constant B has the same value for all nuclei considered in this paper. We obtain
It is useful to consider the sensitivity of the result on the choice of the form factor. With the approximate form factor given in Eq. (7) Because the cross section of the subprocess γA → OM + A (cf. Eq. (30)) is energy independent in the discussed limit, the remaining integration of Eq. (24) is in fact an integration over the equivalent photon spectrum only. Let ω 2 be the total energy of both exchanged photons in Fig. 4 . Then we have as in the previous section 4 ω 1 ω 2 = 4 m 2 µ (due to four-momentum conservation and the kinematics of the process) and ω 2 < ∼ Λγ (due to the nuclear form factor). Thus a lower limit for ω 1 is
The upper bound in this integration can be set to ∞ due to the fast decrease of the equivalent photon spectrum at large energy. We obtain (using the notation δ = m µ /(Λγ) introduced previously)
where
57 for RHIC, Au mode, 202 for LHC, Pb mode, 247 for LHC, Ca mode.
Finally, the cross section for the OM production is equal to (cf. Eqs. (22, 23, 30, 35) ),
The numerical values are
0.021 for RHIC, Au mode , 0.089 for LHC, Pb mode , 0.000069 for LHC, Ca mode .
(38)
The ratio for the production cross section for the ortho and para states is given by
0.144 for RHIC, Au mode , 0.066 for LHC, Pb mode , 0.010 for LHC, Ca mode .
Hence, we expect predominantly a production of para states in relativistic heavy ion collisions.
IV. ESTIMATE OF THE BACKGROUND
The dimuonic atoms are neutral systems produced by a number of photons which are approximately on-shell and collinear to the colliding ions. So the angular spread of the dimuonia with respect to the beam-axis is of the order of O(γ −1 ). The rapidity of the DM particles will be correspondingly high. Therefore the DM systems will not be observed directly by any detector with a low rapidity coverage.
The dominant decay channels of DM are γγ (for PM) and e + e − (for OM, cf. Eq. (4)). Dimuonium could be observed via detection of these decay products. We will investigate in this Section the influence of three sources of background on the prospective measurements,
• photon and electron-positron background originating from hadronic processes in the interaction region,
• free electron-positron pair production shadowing the signal from the decaying orthodimuonium and
• photon pair production by the two colliding nuclei shadowing the signal from the decaying paradimuonium.
The above sources of background are expected to affect mainly the signal of those dimuonium atoms which decay in or near the interaction region of the heavy ion collision. First we consider photon and electron-positron background originating from inelastic hadronic processes in the interaction region. This background will affect the signal from both OM and PM atoms. In these inelastic processes, one or both of the nuclei dissolve to some extent. One can roughly divide these processes into two classes. The first are mainly hadronic processes, where the two nuclei collide and the strong interaction takes effect. The cross section for this class can be estimated as σ AA ≈ 4 A 2/3 σ pp , which for the nuclei under investigation is in the range of five to seven barn. The second type is a photodissociation process caused by an energetic photon emitted from a larger distance by one of the nuclei. It induces nuclear reactions in the other nucleus on impact. The cross section of this photodissociation process depends crucially on the type of the colliding ions. One finds cross sections of roughly 85 barn for RHIC in the Au mode, 200 barn for LHC in the Pb mode and 3 barn for LHC in the Ca mode [19] . In the following we list the approximate luminosities per bunch crossing L b and the corresponding probability of hadronic events per bunch crossing P h = σ h L b , where the hadronic cross section σ h is a combination of the purely hadronic and the photo-dissociation cross section. We obtain
0.004 for RHIC, Au mode , 0.075 for LHC, Pb mode , 1 for LHC, Ca mode .
By virtue of this figures we may conclude, that for Au and Pb the hadronic event rates are small enough to see DM-production in anticoincidences with the production of additional hadrons. In contrast this seems to be quite an impossible task for the Ca mode at LHC. A second, significant source of background for the decay of the OM is caused by the production of free e + e − pairs by the two nuclei. In order to estimate this effect, we consider the e + e − pair production via the standard two-photon mechanism. The cross section of this process, σ e , is estimated with the well-known Racah-formula (see [16] for details). We obtain σ e ≈ 35 000 barn for RHIC and σ e ≈ 225 000 barn for LHC. This is orders of magnitudes larger than the production cross section for the DM. A remedy for this problem might be a precise determination of the invariant mass of the electron-positron pair. The production cross section for an e + e − pair having an invariant mass near 2 m µ with mass spread ∆m is calculated using Eq. (5) with the replacement of σ γγ by the cross section for the process γγ → e + e − :
Because the orthodimuonium production rate is comparably low, even a realistic mass resolution of 1 MeV would not fit our goal to distinguish the background from the signal of the orthodimuonia. Hence, it seems to be a very difficult task to observe the orthostate of dimuonium in heavy ion collisions. This situation is different for the parastate. The main non-hadronic background to the the deacy of the PM atoms is the two photon production process A 1 A 2 → A 1 A 2 + γ γ. It can be described as the radiation of two (virtual) photons and subsequent light by light scattering (via an electronic loop). The cross section for this process is given by Eq. (5) with the replacement of σ γγ by the cross section of light by light scattering. It is five orders less than σ e and for invariant masses > 200 MeV of the photon pair it drops by five more orders. Nevertheless, the total free photon pair production cross section for all energies greater than 200 MeV is still larger than the production cross section for PM by a factor of ≈ α −1 . To improve the situation one might again try to fix the invariant mass m as precisely as possible. In general, a relative precision ∆m/m at m 2 ≈ 4 m 2 µ will lead to a signal-to-noise ratio of the order of α −1 ∆m/m.
So the signal to background ratio becomes about 0.75 for mass resolution ∆m = 1 MeV. This corresponds to a determination of the invariant mass of the decay products of PM with a precision of roughly 5 × 10 −3 . By contrast, for OM, a determination of the invariant mass of the electron-positron pair to an accuracy of the order of 10 −7 would be necessary in order to reach a comparable signal-to-noise ratio.
Another possibility to further improve the situation is to take into account only highly relativistic dimuonium systems, which decay outside the nuclear collision region. The electronpositron or photon pair (for OM and PM, respectively) is produced outside the interaction region. DM atoms decay after travelling a typical decay length is ℓ ≈ ε/(2 m µ )cτ (see Table II ). This distance is increased for the excited dimuonia. The opportunity to observe excited dimuonium states in this approach will be better than that for the ground state despite the smaller production rate. The task left in this picture is to reconstruct the vertices of the decays, which necessitates a vertex detector.
V. RESULTS AND DISCUSSION
We have analyzed the production of bound states consisting of a muon and an antimuon in relativistic heavy ion collisions. The analysis of the parastate production was performed for the dominating two photon process. The two photon approximation describes the production of the parastate with an accuracy of (1 ÷ 2)%. A novel three photon mechanism for the production of the orthostates was developed. The accuracy of this approximation is (6÷12)%. The theoretical uncertainty of our results is primarily due to multiphoton processes. Other sources of uncertainty like the dependence on the nuclear form factor or corrections to the equivalent photon spectrum, have been analyzed in detail. They are on the level of one precent. Because multiphoton processes enhance the production rate, our results should be regarded as a lower bound on the total production.
We obtained numerical results for the dimuonium production at the new heavy ion colliders RHIC and LHC. The results for all colliders and for a set of atomic states are presented in Table II . In Table II we also consider the properties of the atomic 2P dimuonic state which is produced in atomic transitions from 3S and 4S
1 . The dimuonic atoms travel, after production, with small angular spread along the beam axis. Therefore they are detectable by their decay products only. In general the extraction of a signal from the experiment will be easier for paradimuonium than for orthodimuonium. The reasons are twofold,
• the total production cross section is much larger and
• the background is significantly reduced.
As it has been shown in Sec. IV, the photon pair background shadowing the paradimuonium signal is roughly five orders of magnitude smaller than the free electron-positron pair background shadowing the signal from orthodimuonium. Additionally, the total production cross sections for para states are larger than those for ortho states by a factor of 10 to 100, depending on the collider and the nucleus used (see Table II ). We expect a favourable signal-to-noise ratio for the parastate if the energy of the photon pair can be determined with a precision of roughly 1 MeV. Orthodimuonium production by a three photon fusion process. P 2 denotes the nuclear momentum, p is the momentum of the dimuonium system. 
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